Improved Primality
Proving with Eisenste

Pseudocubes




Motivation

e Unconditional Primality proving:
e Agrawal, Kayal, and Saxerfg N )*°->* o)

e Lenstra, Pomerancélog N)¢+°(1)
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Motivation

e Unconditional Primality proving:
e Agrawal, Kayal, and Saxerfg N )*°->* o)

e Lenstra, Pomerancélog N)¢+°(1)
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Pseudosquares

e Given an odd integex thpseudosquareM ,
IS theleastpositive, nonsquare integer satisfying




Pseudosquare Test

1. It N < Mpp for some prime, p,
+1 (mod N) for all primes p;j, 2"

# 1 (mod N ) for some odd pj




Pseudocubes

e Given an integerr th@seudocubell;, IS debPnec
as the least positive noncube satisfying:

=+1 (mod 9




Pseudocube Test

Given N odd, 31 N. If ¢! 1 (mod 3), prime,
define! ," Z[" | by ! Jy=qand N' := N if
N! 1 (mod3), NN :=#Nif N!# 1 (mod 3). If

1. N < (Ms,)?/3 for some p.
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Growth Rates

Iog(Mz,pn/ log n)

f(x) = 0.674538 x + 4.60704
Iog(MS,qn%/ log n)

g(x) = 0.709325 x + 0.245458




The Approach

e | ukes, Patterson,Willlams (1996)
e Pseudosquaresy < M
e Berrizbeitia, MYller,Williams (2004)







Eisenstein Integers

e Elements( = a+ bw, w +§ 3)/2

¢ \\e have unitsyi- D. Primes:
¥p! 2 (mod 3),
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Cubic Jacobi Symbol

prime, |[" || # 3




Eisenstein Pseudocube:!

e Let yp = a+ bl be an element ahinimal norm
such that:

1. Yp IS primary




Primality Proving

e Berrizbeltia, 2005

Let v = a+ bw be a primary element of Z|w]
where ged (@,b) = 1, v is not a unit, prime,
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Primality Proving

Il GivenN =1 (mod 3) bnd the smallest Eisenste
pseudocubelpy ! Z[!'] such thalN < ||pp|

1 Test N is not a perfect power
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Primality Proving

Il Given N! 1 (mod 3 bnd the smallest Eisenste
pseudocubelp ! Z{w| such thatV < ||u,|

1 Test N is not a perfect power

u u I I
Find a primary! € Z|"| suchthajv|| = N
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Primality Proving

Il GivenN =1 (mod 3) bnd the smallest Eisenste
pseudocubelpy ! Z[!'] such thalN < ||pp|

1 Test N is not a perfect power
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Primality Proving

Il GivenN =1 (mod 3) bnd the smallest Eisenste
pseudocubelpy ! Z[!'] such thalN < ||pp|

v/ Test N is not a perfect power
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Obtaining ||v|| =

e Want: ||!||=|la+Db'||]=a°—ab+ I =N

= R
s+ t)? — (2t)(s+ t) + (2 1)?




Primality Proving

Il GivenN =1 (mod 3) bnd the smallest Eisenste
pseudocubelp ! Z[!'] such thaN < ||up]]

v/ Test N is not a perfect power
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Primality Proving

Il Given N! 1 (mod 3 bnd the smallest Eisenste
pseudocubelp ! Z{w| such thatV < ||u,|

v/ Test N is not a perfect power
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Congruential Sieving

e Simultaneous Congruences
X (mod 120)




Congruential Sievinc

e Lawrence: Paper Strips (1895 |~
e CarissanOs device (1919)

e GZrardin: Adding Machine
(1937)

e [ehmer (1927/D80)
Williams: Hardware (1983D)
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2-Dimensional Sieve

e Recall:Lety, = a+ bl be an element mfinimal
normsuch that:

o IS primary




Congruence Conditions

o Sq:= {(a,b): pp=a+ bw (mod g)}
e Case1l:gq=-1 (mod 3




ongruence Conditions

e Case 2.q=3




Congruence Conditions




. ucas Functions

e Establish a Recurrence:




. ucas Functions

® Eisenstein Pseudocube criterion becomes:




Growth Prediction

e Recall: ISy =

%
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Primality Proving

Il Given N! 1 (mod 3 bnd the smallest Eisenste
pseudocubelp ! Z{w| such thatV < ||u,|

v/ Test N is not a perfect power

u u I I
Find a primary! € Z|"| suchthajv|| = N
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Sieving In 2-Dimensions

e 2-Dimensional Sieve Problemy, = a, + b,w

e Norm Bounded Region
lpll =a® +b° —ab< H
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Sieving In 2-Dimensions

e 2-Dimensional Sieve Problemy, = a, + b,w

e Norm Bounded Region




Sieving In 2-Dimensions

e 2-Dimensional Sieve Problem

e Norm Bounded Region




Primality Proving

v/ GivenN =1 (mod 3) bnd the smallest Eisenste
pseudocubelpy ! Z[!'] such thalN < ||pp|

v/ Test N is not a perfect power

u u I I
Find a primary! € Z|"| suchthajv|| = N
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Sieve Devices

e CdgarySalableSieve (CASSlBE ‘ ]““31 i

'umq LT
HHHIIT

e Software Toolkit.
C,Assembly, and TCL
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Sieve Devices

L[127:0] DIN[127:0] DOUT[127:0] W[127:0]
OX[2:0] OSEL[2:0] STATE[7:0] DX[7:0]
AX[7:0] ADDR([7:0]

LC
LCE
LB
LSC
GO
DACK
RST

CB1[7:0]




Results

N (Hp)

Mp

247
643
5113

10 7067004343 13749

11+ 18v
29+ 18y
ekl

109364774 1301454w
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Iog(MZ,p/ log p)
f(x)= 0.676694 x + 4.55216
In(Ms’qZ/P’/ (In CI)4/3)
g(x)=0.707752x + 0.633985
In(N(mup) /In p)
h(x)=1.05557x + 3.79531

1 1 1

30 40 50 60
n




Summary

e New primality proving method for integers
N! 1 (mod3)

e Developed notion of Eisenstein Pseudocuybe




How do we Compare’

e CASSIE: 250 nodes. $750,000.
o 225! 10 trials/sec

* SCOT: 3 nodes. $300
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e Moduli as cycl
e Mark acceptable
e Advancer




How do we Compare’

o CASSIE:
e $11,900 per billion trials/sec




